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Lattice

» [ is a lattice in R?:

For example I' = Z2.
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» Vis the electric potential.
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Hamiltonian

» Hamiltonian
H=(iV+ A2+ V

acting on L?(IR?), where V is the gradient on R2.

» Spectrum of H is continuous:

H has no eigenfunctions in L?(RR?).



Translational symmetry

» But H commutes with translations:

HT,=T,H forallyeT,

where

T, o(X) = (X + 7).
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H‘Pn,k = En(k) Pn,k>
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Bloch theory

» Equivalently, if we define
Hy = e " *He"* = (iV+A—k?+V,
we may consider the k-family of problems

Hink = En(K)Ynk  for  wnx € L3(R?/T).

» The spectrum of Hy is discrete:

Ey(k) < Ea(k) <--- < Ep(k) < ---
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Bloch theory

» The function k — Ej(k) is periodic with respect to the
dual lattice

r#:={beR?|b-vec2nZ forally €}

» This framework is preserved if we complexify:

Ay, A,VeC and keC2
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Fermi curve

» The real lifted Fermi curve:

}A‘MR = {k e R? | E;(k) =\ forsomen>1}
= {k € R? | (Hx — \)p =0 for some ¢ € Dy, \ {0}}.

» Without loss of generality
A—[A—= A, V-A—=V, k—k+ [A
» The complex lifted Fermi curve:

F o= {k€@2 | Hkp =0 forsome ¢ € Dy, \ {0}}.
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Fermi curve: properties

The Fermi curve is:

1. Analytic: R
F ={keC?|F(k)=0},

where F(k) is an analytic function on C2.
2. Periodic with respect to '*#:
F+b=7F forallberl#,
3. Gauge invariant:

~

F isinvariantunder A — A+ VV.
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The free Hamiltonian

» Set A=0and V =0. Then
{ePX | ber#}
is a basis of L2(R?/I") of eigenfunctions of Hy:

Hk eib-X _ (Iv _ k)2 eib-X
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The free Hamiltonian

» Set A=0and V =0. Then
{ePX | ber#}
is a basis of L2(R?/I") of eigenfunctions of Hy:

Hk eib-X _ (Iv _ k)2 eib-X
= (—b— k)? e®* = Np(k) e"*
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The free Hamiltonian

» Set A=0and V =0. Then
{ePX | ber#}
is a basis of L2(R?/I") of eigenfunctions of Hy:

Hk eib-X _ (Iv _ k)2 eib-X
= (—b— k)? e®* = Np(k) e"*
= Np,1(K)Np2(k) €°*

where

Np,. (K) = (ki + by) +i(=1)" (ko + b2).



The free Fermi curve

» Define

Np = {k € C? | (ky + b1)? + (ko + b2)? = 0},
Ny, (b) = {k € C? | (ky + by) + i(—1)"(ko + bp) = 0}.



The free Fermi curve

» Define
Np = {k € C?| (ki + by)? + (ko + b2)? = 0},
Ny, (b) = {k € C? | (ky + by) + i(—1)"(ko + bp) = 0}.
Hence, for A=0and V =0,

F ={keC?|Ny(k)=0 forsome b e *#}



The free Fermi curve

» Define
Np = {k € C?| (ki + by)? + (ko + b2)? = 0},
Ny, (b) = {k € C? | (ky + by) + i(—1)"(ko + bp) = 0}.
Hence, for A=0and V =0,

F ={keC?|Ny(k)=0 forsome b e *#}

= J M

bel#



The free Fermi curve

» Define

Np = {k € C? | (ky + b1)? + (ko + b2)? = 0},
Ny, (b) = {k € C? | (ky + by) + i(—1)"(ko + bp) = 0}.

Hence, for A=0and V =0,

F ={keC?|Ny(k)=0 forsome b e *#}
= J M= |J M®).

ber# ber#
ve{1,2}



Sketch of the free Fermi curve (for iky and k. real)

ik
Na(—b)| N1(b)

¥
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Main results

v

Let 2A be the length of the shortest b in '#.
Fix e < A/6.

Assume that A and V “are differentiable”.
Notation: F = F(A, V)

v

v

v

“Theorem”.
Suppose that ||A|| ;2 < € (small).
Then, outside of a compact set (asymptotically),
the curve F(A, V) is very close to (0, 0),
except that:
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Main results

/ can be deformed to Afﬂ
and
>< can open up to ~

2120 =0 Z1Z» = const
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Remarks

v

Generically all double points open up:
1-D complex manifold.

v

For A = 0 proved by
Feldman, Knérrer and Trubowitz (2003).

v

The proof is perturbative. (We follow their strategy.)

v

Large A?
Some ideas... speculations...



Idea of proof

» Write

Hy = (iV+A—-Kk>?+V
= (iV—-k)?4+2A-(iV—-k)+q

where

q:=(iV-A)+ A2+ V.
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Idea of proof

» Then k € F(A, V) if and only if
(IV = k) +2A- (i — k) + q| o = 0

for p € L2(IR?/T) with ¢ # 0, or, equivalently,
. i |
[No(k)bc—2(c+k)-A(b—c)+a(b—c)| )| =0,
b,celr#
cer#

where f(b) = [.2 f(x) e~P*ax.

(Recall L2(R?/T) ~ [2(T#).)
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Idea of proof

» e-tubes about Np:

Tp == T1(b) U T2(b),
T,(b) ={k € C*| |Np,(k)| <e}.
» Write
k=u+iv with uveR?

Then
k¢ Ty - INp(K)| > €|v|.



Idea of proof

» Let G= {0} or G={0,d} with 0,d € I'*.
We can split our equation:

[Ne(K)66.c ~2(c+K) - Alb—0) +3(b )] o

cer#

|
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Idea of proof

» Let G= {0} or G={0,d} with 0,d € I'*.
We can split our equation:

[Ne(K)66.c ~2(c+K) - Alb—0) +3(b )] o

cer#

[No(k)0bo—2(c-+K)-A(b—0)+8(b—6)| per s o

cer#




Idea of proof

» We can rewrite the second equation:

[Ne(k)3be—2(0+K)-Alb—c)+4(b=0)], {@(c)]
cel#\G

ceG

|
= — |: — 2(0 + k) . A(b — C) + a(b — C)] bel#\G |:95(C)]
ceG



Idea of proof

» Rewriting again the second equation:

[5b,c - No(K) . /,Z\(b -C)+ a;\llyc(_k;:)}bper#\(i |:Nc(k)95(c)

[\

~~
::RGIGI

) |
- [ —2(c+k)-Alb—c)+g(b— c)} ber#\G {sb(c)]
ceG

ceG



Idea of proof

» Rewriting again the second equation:

[\

~
=Ry g

= [ —2(c+k)-Alb—c)+a(b— C)} bel#\G
ceG

5b,c

: 4(b— o)
(0,0 - N Ao+ T }bﬁer#\q [N

|

We can solve for [¢(c)] ceri\G = [Nc(k)] F?{;G [+

|
p(c)

] ceG

] [Q(C)] ceG



Idea of proof

» Substituting in the first equation
we conclude that it has a solution if and only if

Wd’
det Nd’(k)éd’7d” + Wyt g1 — Z G’G’ b cWe g =0,
b, ceG’ d,d"eG

where .
Wpe = —2(c+ k) -Alb—c)+ q(b—c).

This is a |G| x |G| determinant.



|dea of proof

Hence we have local defining equations for 7 (A, V):

> Deformed planes (G = {0}):
No(k) + Doo(k) = 0.
> Handles (G = {0, d}):
(No(k) + Doo(k))(Ng(k) + Dag(K)) = Do 4Da.o.
where

Do () = B 18 + B I + (B + B Yok
+ C1 /d//k_l + CQ/d//kz —"_ Cold//.
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Idea of proof

» Linear change of variables:
(k'l ) k2) = (Wa Z)a

where w is “small” and z is “large”.

» Asymptotics for the coefficients:

f(d'—b)

cl)a”,d”(k) = Z b(k)

b,cecG

(RG/G/)ch( —-d")

— O(1 )+o< )+o( )



Idea of proof

» Asymptotics for the derivatives:

gn+m 1 1
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» Asymptotics for the derivatives:

3n+m

ozmow"n

g.gr(K) = O(1) + O <l) +0 (1



|dea of proof

» Asymptotics for the derivatives:

an+m

ozmow"n

» Implicit function theorem.

g.gr(K) = O(1) + O <l) +0 (1



|dea of proof

v

an+m

ozmow"n

v

v

v

Asymptotics for the derivatives:

aat -0 +0(1) +o(

Proof: Chain rule; Leibniz rule; 115 =1+ X + X2
Implicit function theorem.

Quantitative Morse lemma.



|dea of proof

» Asymptotics for the derivatives:

» Proof: Chain rule; Leibniz rule; 5 =1+ X + X2 + -
» Implicit function theorem.

» Quantitative Morse lemma.
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